The problem of integrable discretization of Liouville type hyperbolic PDE is studied. The method of discretization preserving characteristic integrals is adopted to nonautonomous case. An intriguing relation between Darboux integrable differential-difference equations and the Guldberg-Vessiot-Lie problem of describing all ODE, possessing fundamental solution systems is observed.
Introduction
At the present time the problem of discretization of the integrable differential equations is actively studied. In the literature one can find various approaches and techniques used to solve this problem including the Bäcklund transform, the Hamiltonian structure, symmetries, Lax pair, finite gap integration (see [1] - [8] ). In [9] we considered the discretization of the Liouville type partial differential equations preserving the structure of one of the integrals, and we constructed the semi-discrete analogues for some equations found by E. Goursat [10] . However, semi-discrete analogues were not found for nonautonomous differential equations. Moreover, in [9] we did not study the continuum limit equations of the chains obtained by the discretization.
In the present paper we improved our discretization method preserving integrability and applied it to nonautonomous cases as well. We also discuss continuum limit equations for 1 e-mail: habibullinismagil@gmail.com some particular semi-discrete analogues obtained via the discretization. It is rather surprising that discretization of a given Liouville type PDE found by some formal manipulations after evaluation of the continuum limit for vanishing of the grid parameter ε arrives at just the same PDE.
One can see that autonomous hyperbolic equations of Liouville type u xy = f (u, u x , u y )
found by E. Goursat in [10] have nontrivial autonomous integrals of minimal orders. In the recent paper [11] the authors presented a class of discrete autonomous equations possessing both nontrivial integrals of minimal orders depending on independent discrete variables. The existence of such examples, showing that the class of discrete equations has more complicated structure, stimulated our interest to the discretization problem.
Let us begin with the necessary definitions. We consider semi-discrete chains of the form d dx t(n + 1, x) = f (x, n, t(n, x), t(n + 1, x), d dx t(n, x)) ,
where unknown function t = t(n, x) depends on discrete and continuous variables n and x respectively. We use the following notations throughout the paper:
Denote by D and D x the shift operator and the operator of the total derivative with respect to Any function depending on n only, is an x-integral, and any function, depending on x only, is an n-integral. Such integrals are called trivial integrals. One can show that any n-integral I does not depend on variables t m , m ∈ Z\{0}, and any x-integral F does not depend on variables t [m] , m ∈ N.
Definition 1.2 Chain (1) is called Darboux integrable if it admits a nontrivial n-integral and a nontrivial x-integral.
Chains (1) are semi-discrete analogues of the well-studied hyperbolic equations u xy = g(x, y, u, u x , u y ) .
Darboux integrable equations (2) possessing nontrivial x-integral W (x, y, u, u y , u yy ) and yintegralW (x, y, u, u x , u xx ) of order 2 are completely described by the following Theorem. Theorem 1.3 (see [10] ) Any equation (2) , for which there exist second order x-and y-integrals, after the change of variables x → X(x), y → Y (y), u → U(x, y, u), can be reduced to one of the kind:
(1) u xy = e u ,W = u xx − 0.5u
.
Throughout the paper we shortly call the eight equations from Theorem 1.3 as the Goursat list. Note that the work [10] contains also equations for which the minimal order integrals are of the order higher than two.
In [9] we made a discretization of equations (2) preserving the structure of y-integrals in each of eight classes from Theorem 1.3. Theorem 1.4 (see [9] ) Below is the list of equations (1) possessing the given n-integral I :
given n − integral the corresponding chain
, β(t x ) = Rt x , and t 1x = K(t, t 1 )t x , where (6 * )
Our discretization method in [9] , where n-integrals are functions not depending on n, did not provide semi-discrete equations for each function β(t x ) in three cases, namely cases 5, 6 and 8. Also, in cases 4 and 7, where y-integrals depend on x and y, the obtained in [9] semi-discrete chains did not have the corresponding continuous limit equations.
In the present paper we allow n-integral and function f explicitly depend on n, and with this slight modification in the discretization method we again study cases 1, 2, 3, 4, 5 and 7.
In cases 5, 6 and 8 n-integrals depend on functions β that are solutions of some differential equations. Only in case 5 these functions β can be written explicitly, and using this exact form for an n-integral we find a new semi-discrete equation, and present it in the following theorem.
Thus below we give a semi-discrete version of the fifth equation in the Goursat list.
where β(t x ) satisfies ββ ′ = −t x , is
where c(n) is an arbitrary function of n. It turns out that ψ(t, n) = −1/(t + c(n)).
and
are x-and n-integrals of (3).
Let us note that in (3) we have t 2
where −π < Arg(t 2 x − M 2 ) ≤ π and k is a function depending on n by the formula k(n + 1) =
In cases 4 and 7, y-integrals depend on the variables x and y. We consider these special nonautonomous cases once again, allowing explicit n-dependence of n-integral and function f , and obtain new semi-discrete chains. In the theorem below we give semi-discrete versions of the equations (4) and (7) from the Goursat list.
where M(n) is an arbitrary function of n.
is an xintegral of (4).
where C(n) is an function of n. Function F = (x + εn)α − (x + ε(n + 2))Dα is an x-integral of (5).
Theorem 1.7 Below we display continuum limit equations and x-integrals for semi-discrete equations obtained by the discretization method applied to continuous equations from Theorem 
In the present paper we concentrate on the discretization method preserving the structure of one of the integrals. However, we would like to stress that this discretization method has a continuum analogue, that we call as "continualization" method preserving integrability. Let us show how this "continualization" works with two examples.
Example 1. Let us find all equations t xy = f (x, y, t, t x , t y ) possessing a y-integral I = t xx − 0.5t
, that is, we are looking for a continuous analogue of semi-discrete chain t 1x = t x +Ce 0.5(t+t 1 )
(case (1 * )) preserving the structure of its n-integral. Equality D y I = 0 becomes t xxy −t x t xy = 0.
From the equation searched t xy = f (x, y, t, t x , t y ) we obtain t xxy = f x + f t t x + f tx t xx + f ty f .
Therefore,
Evidently, the coefficient before t xx in (6) vanishes, that is f tx = 0. Now collection of the coefficients before t x in (6) gives f t − f = 0, or f = A(x, y, t y )e t . We substitute the expression f = A(x, y, t y )e t into (6) and get A x e t + A ty e 2t = 0 which immediately implies A x = A ty = 0.
Therefore, the equation searched is of the form t xy = A(y)e t which coincides with the Liouville equation up to a point transformation y →ỹ = y 0 A(θ) dθ. It is remarkable that usual continuum limit with small ε = C > 0 approaching zero gives the same answer: equation
Example 2. Let us find all equations t xy = f (x, y, t, t x , t y ) possessing a y-integral I = t xx − 0.5t
, that is we are looking for a continuous analogue of semi-discrete chain
) preserving the structure of its n-integral. Equality D y I = 0 becomes t xxy − t x t xy − e 2t t y = 0. We join it with t xyx = f x + f t t x + f tx t xx + f ty f and get
The coefficient before t xx in (7) vanishes, that is f tx = 0. Now we collect the coefficients before t x in (7) and get that f t = f , or f = C(x, y, t y )e t . We substitute f = Ce t into (7) and have C x e t + C ty Ce 2t = t y e 2t that immediately implies C x = 0 and C ty C = t y , or equivalently,
. Therefore, the equation we were looking for is t xy = e t t 2 y − 4K 2 (y) which coincides with equation t xy = e t t 2 y − 4 up to a point transformation y →ỹ = y 0 K(θ) dθ.
Note that usual continuum limit with R = −2 − 4ε 2 , where ε approaches zero, gives the same answer: equation t 1x = t x + √ e 2t + Re t+t 1 + e 2t 1 becomes t xy = e t t 2 y − 4. It is widely known that integrable discretization is closely connected with the Bäcklund transform. The next remark is a result of direct verification.
Remark 1.8 In cases A
* , B * , C * , D * and F * from Theorem 1.7 the semi-discrete equations realize the Bäcklund transforms of their continuum limit equations. In cases E * and G * the discretization differs from the Bäcklund transform.
We observed that Darboux integrable semi-discrete models of the form (1) have a deep relation with the classical problem of fundamental solution systems for ordinary differential equations going back to S.Lie, E.Vessoit, A.Guldberg. Fundamental systems of solutions for ordinary differential equations were introduced in 1893 (see [12] ). Since then they have been studied by several mathematicians (see, e.g. [13] - [14] ), more detailed list of references can be found in the survey [15] .
Recall that the system of ordinary differential equations
possesses a fundamental system of solutions if the general solution to this system of equations may be represented in the form
with the help of a finite number m of arbitrarily chosen particular solutions
and arbitrary constants C 1 , ..., C s . The remarkable Lie theorem on ordinary differential equations possessing a fundamental system of solutions is the following.
, also see [15] ) The system of equations (8) possesses a fundamental system of equations if they can be written in the form
in such a way that the operators
form an r-dimensional Lie algebra. Moreover, the number m of necessary particular (fundamental) solutions (10) satisfies the following condition sm ≥ r.
To apply the well-known Lie Theorem the system should be written in a special form which is not always an easy task. And even when the system is already in a required form and possesses a fundamental system of solutions, it is at all not clear how to find its fundamental system of solutions.
In the present paper we note that the Darboux integrable semi-discrete chains give rise to a class of differential equations possessing fundamental systems of solutions. We present these equations and discuss how to write their fundamental systems of solutions.
The following problem seems to be of interest. Does x-integral of a Darboux integrable semi-discrete chain provide a fundamental system of solutions for the equations I = p(x) with I being an n-integral of the corresponding chain. The answer is positive for semi-discrete chains studied in the present paper. Below we give an illustrative example.
Example 3. Semi-discrete version of the Liouville equation
admits integrals I = t xx − 0.5t 2 x and F = e (t 1 −t)/2 + e (t 1 −t 2 )/2 . Therefore any solution of the equation (14) satisfies two equations: one of them is an ordinary differential equation and the other -ordinary difference equation:
with two appropriately chosen functions p = p(x) and c = c(n) depending on x and n respectively. Exclude t 2 from equation (16) and the equation e (t 2 −t 1 )/2 + e (t 2 −t 3 )/2 = c(n + 1) and get the formula
giving general solution of the equation (15) 
Remark 1.10 (I) Functions
One can solve this system of two equations, express t 3 in terms of x, c(n), c(n + 1), t, t 1 , and obtain the fundamental system of solutions for the equations
for the corresponding n-integrals I.
(II) Any solution t 3 of the equation I = p(x), where I = t x − e t is an n-integral from case B
(III) Any solution t 2 of the equation I = p(x), where I = t xx t −1
x − t x is an n-integral from case C * , satisfies
where t is some solution of the equation t xx t −1
x − t x = p(x), and c 0 , c 1 are arbitrary constants.
We prove Theorems 1.5 and 1.6, and present the proof of Theorem 1.7 and part I of Remark Let us consider all chains t 1x = f (x, n, t, t 1 , t x ) with n-integral I = t xx β − ψ(t, n)β, where β(t x ) satisfies ββ ′ = −t x . We have, β(t x ) = α(n) M 2 − t 2 x , where α(n) = ±1. To shorten the formulas below we will write ψ(t) instead of ψ(t, n), ψ 1 (t 1 ) instead of ψ(t 1 , n + 1), and ψ 2 (t 2 ) instead of ψ(t 2 , n + 2). Equality DI = I implies
We compare the coefficients before t xx and have
There are two possibilities: (a) α(n)α(n + 1) = 1 and (b) α(n)α(n + 1) = −1. In case (a) we
In case (b) we have
We differentiate (18) with respect to x and get f x = Lx L f 2 − M 2 . Similarly, one can get
Compare the coefficients before t 0
We solve these equations and see that L =
, where ψ(t) satisfies
. Hence, L =
. Therefore, the semi-discrete chain in case (a) is
where C(n) is an arbitrary function of n. One can see that I =
is an n-integral of (22) . It means that in case (a) we obtain not only the chain that has a given n-integral of order 2, but also an n-integral of order 1.
Let us study case (b). We differentiate (20) with respect to x and get
f x = Vx V f 2 − M 2 . Similarly, one can get f t = Vt V f 2 − M 2 and f t 1 = Vt 1 V f 2 − M 2 .
Substitute these expressions into (17) and get
By comparing the coefficients before t 0
We solve these equations and have V =
. Therefore, the semi-discrete equation becomes
It can be rewritten as
One can check that
is indeed an integral of (23) . Note that in this case D t 2
Finding of x-integral
Let us find an x-integral F = F (x, n, t, t 1 , t 2 ) of (23). Equation (23) can be also rewritten as
Then
Then D x F = 0 becomes F x + F t t x + F t 1 t 1x + F t 2 t 2x = 0, or
Compare the coefficients before t 0 x , t x and t 2 x − M 2 in the last equality and have the following system of equations
that can be rewritten as
With new variablest = t + C(n),t 1 = t 1 + C(n + 1) andt 2 = t 2 + C(n + 2) we have ψ(t) = −1/t, and the system of equations becomes 
In new variables u =t, w =t 1 and v = (t 1 2 −t 2 )(t 2 2 −t 1 2 ) the last system can be rewritten as
In old variables t, t 1 and t 2 function F is given as
then.
3 Discretization of the fourth equation from the Goursat We consider semi-discrete equations t 1x = f (x, n, t, t 1 , t x ) with n-integral
From DI = I we get
By comparing the coefficients in (29) before t xx we obtain f tx /f = 1/t x , or f = t x K, where K is some function depending on x, n, t and t 1 . Substitute f = t x K into (29) and find
Compare the coefficients before t x and t 0 x in (30) and get
We solve (32) and have K = C(t 1 − x)/(t − x), where C is some function depending on n, t and t 1 . Substitute this expression for K into (31) and obtain
By comparing the coefficients before x and x 0 in (33) we get the system of equations
where M(n) is an arbitrary function depending on n only.
Evaluation of the x-integral
Let us find an x-integral of equation (34) of minimal order if it exists. First, assume that equation (34) possesses an x-integral F (x, n, t, t 1 ) of the first order. The equality D x F (x, n, t, t 1 ) = 0 can be rewritten as
By comparing the coefficients before t 0 x and t x we get
We differentiate equation (37) with respect to x, use (36), and get a contradictory equality
It means that equation (34) does not possess an x-integral F (x, n, t, t 1 ) of the first order. Now let us see whether equation (34) possesses an x-integral F (x, n, t, t 1 , t 2 ) of the second order. Since D x F = 0 then
We differentiate equation (40) with respect to x and get
One can check that the system of partial differential equations (39), (40) and (41) is closed.
To solve this system of equations we use the famous Jacobi Method: we first diagonalise the system (that is, we make it normal) and then we do the necessary changes of variables using the first integrals of the equations from the system. The calculations are standard but rather long. That is why we omit these straightforward steps and present an x-integral immediately.
It is
For the readers familiar with the characteristic rings (see [22] , [23] , [24] ) we would like to note that the existence of a nontrivial x-integral for equation (34) implies that the characteristic ring L x in x-direction for this equation is of finite dimension. It is not difficult to see that for equation (34) characteristic ring L x is generated by three vector fields
In partiacular, it means that the dimension of L x for equation (34) is 3.
3.3 Continuum limits. Proof of Theorem 1.7, Case F *
In semi-discrete equation (34) we rewrite t(x, n) as u(x, y), t 1 as u(x, y) + εu y (x, y), M(n) as 1/R(εn) = 1/R(y), and get
Now we let ε approach 0 to get continuous equation analogue
Note that after the change of variableỹ = −R(y) equation (44) becomes
In x-integral ε −1 (1 + (1 + n −1 )F ) of semi-discrete equation (34), where F is taken as (42) we substitute u, u + εu y + 0.5ε 2 u yy , 1/R(y) and y instead of t, t 1 , M(n) and εn correspondingly, and let ε approach 0 to get its continuous analoguẽ
Note that continuous equation (44) possesses y-integral (28) and x-integral (46)
3.4 Fundamental solution system for the associated ODE, case F * Equation (34) admits the following n-and x-integrals
Solution t n of differential equation
can be found from the following system of equations
One can easily solve the system of these two equations and express general solution t 3 of (47) in terms of its arbitrarily chosen particular solutions t = t(x) and t 1 = t 1 (x) as follows
, (1) possessing n-integral
Since DI = I then
We compare the coefficients before t xx in (49) and get
where L is some function depending on x, n, t, t 1 . We substitute f = (
that implies that function L(x, n, t, t 1 ) satisfies the following three differential equations
Equation (51) gives that
where M is some function depending on x, n and t. We substitute the expression for L 2 from (53) into the equation (50) rewritten as LL t + LL t 1 = 0 and obtain
where K is some function depending on x and n only. Thus,
Substitute this expression for L 2 into the equation (52) multiplied by 2L and have
where C(n) is an arbitrary function of n. Therefore,
and then
Let us note that one can eliminate function C(n) in (54) by the change of variable t ( x, n) =
Let us find x-integral of equation (55). Denote by
We find an x-integral of the minimal order of equation (55) in the same way as we did for equation (34). We look for function F (x, n, t, t 1 , t 2 ) such that D x F = 0. We have,
Compare the coefficients before t x , √ t x and t 0 x in (57) and get the following system of equation
One can check that the system is closed and its solution is
4.3 Continuum limits. Proof of Theorem 1.7, Part G *
In semi-discrete equation (55) we substitute u, u + εu y and y instead of t, t 1 and εn correspondingly, and let ε approach 0 to get its continuous Liouville equation analogue
In x-integral (58) multiplied by −2ε −2 we substitute u, u + εu y + 0.5ε 2 u yy and y instead of t, t 1 and εn correspondingly, and let ε approach 0 to get its continuous analoguẽ
Note that continuous equation (59) possesses y-integral
which is a continuous analogue of (48) and x-integral (60) 4.4 Fundamental solution system for the associated ODE, case G * As it was shown above in the previous section equation (55) possesses the following n-and
− (x + ε(n + 2)) ε(t 2 − t 1 ) (x + ε(n + 1))(x + ε(n + 2)) Solution t n of differential equation
x + ε(n + 2) − c(n) √ ε x + ε(n + 1) x + ε(n + 2) DF = c(n + 1) → √ t 3 − t 2 = (x + ε(n + 1))(t 2 − t 1 ) x + ε(n + 3) − c(n + 1) √ ε x + ε(n + 2) x + ε(n + 3)
are e t−t 1 + e t = c(n) and e t 1 −t 2 + e t 1 = c(n + 1). We express e t 1 from the first equation and substitute it in the second equation, and get
where C 0 = −1 − c(n + 1) and C 1 = c(n + 1)c(n).
Conclusion
Darboux integrable equations or equations of Liouville type constitute a very well studied and important in applications subclass of all hyperbolic type PDE. The problem of complete description of this subclass was formulated and partly solved by Goursat in 1899. Since then many authors investigated the problem [16] - [21] . An interesting problem, closely connected with the one mentioned above is the description of all functions which might be integrals of Darboux integrable equations. The results of the present article allow one to conjecture that if the function F (x, y, u, u x , u xx , ...
is an integral of a Darboux integrable PDE u xy = g(x, y, u, u x , u y ) then the ODE F (x, y, u, u x , u xx , ...
possesses fundamental solution system for any r.h.s. p = p(x). The conjecture is proved for a majority of the equations from the Goursat list. The method of proof is based on the discretization preserving integrals.
A semi-discrete equation
is called a discretization preserving integral of the Liouville type PDE u xy = g(x, y, u, u x , u y )
if two equations (65) Equation (59) is the "continualization" of the equation (55). Formal continuum limit in (55) gives the same answer.
The discretization scheme applied to the Goursat list (Theorem 1.3) generates the similar list of semi-discrete equations which turned out to be also Darboux integrable (see Theorem 1.7). However we have to confess that we failed to find satisfactory discretization for the eighth equation in the Goursat list.
